This paper discusses an on-line, trail-and-error implementation of marginal-cost pricing for networks with users whose values of travel time vary, whose demand functions are unknown, and whose route choices conform to random-utility maximization. It is an extension of calculations of optimal congestion tolls with homogenous travelers and shortest-path choices. The numerical example on an actual, large-scale network suggests the heuristic iterative procedure does converge in searching for optimal tolls. Key Words: Marginal cost pricing, congestion pricing, toll roads, value of travel time 2
INTRODUCTION
Road tolls based on marginal social delay costs have long been considered an economically efficient solution to highway congestion (Vickrey 1969) . In most markets, goods should not be allocated beyond the point where marginal gains equal the marginal cost (MC) to
MCP MODEL: SUE WITH MULTIPLE USER CLASSES
Network flow equilibria represent an interaction between congestion and travel decisions. The situation is characterized by two sets of functions: (1) performance functions for all network links, describing how travel times rise with demand; and (2) demand functions, illustrating how travel demand responds to travel-time increases (Sheffi, 1985) . These demand functions are a combination of trip-making, mode choice, destination choice, route choice, and departure-time decisions.
In the stable, equilibrium condition, individual travelers cannot improve their travel times by unilaterally changing routes. This is known as Wardrop's first principle (Wardrop, 1952) , and the result is a UE. Since it is unlikely that all travelers have full information about minimum travel times on every possible route and always make shortest-time route choices, the SUE equilibrium condition is a more popular principle. It is described as a network condition where no traveler can improve his/her perceived travel time by unilaterally changing routes. (Daganzo and Sheffi, 1977) .
SUE assignment has been formulated as optimization (Daganzo and Sheffi, 1977) , variational inequality (Bell and Iida, 1993) , and fixed-point problems (Daganzo, 1983; and Cantarella, 1997) . Here, the optimization formulation is followed. Daganzo (1983) proposed an SUE framework with multiple user classes, and Maher and Zhang (2000) provided a formulation and algorithms for SUE with elastic demand. Rosa and Maher (2002) extended these formulations to develop SUE with both multiple user classes and elastic demand. This paper's formulation is built on the latter three works. q , and it is assumed to be a continuously decreasing function of travel cost between that O-D pair 2 . The multi-user class SUE problem has an equivalent minimization formulation, which can be written as follows: 
Note that equation (5) 
where rs km P is the probability of class m users choosing path k between r and s.
The path choice probability, rs km P , is assumed to depend on the utility function:
where θ is a behavioral parameter and 
The VOTT dispersion among users can be modeled using continuous random variables (with a known mean value) within each class, or a fixed value per class. Without loss of generality, a single fixed-value approach (per class) is used here 4 . Assuming travel cost additivity, path cost is: (2002) proposed an SUE model with elastic demand that can be formulated as the following unconstrained optimization problem: 
Yang (1999) demonstrated, based on economic benefit maximization, that the MCP principle is still applicable in a network under SUE. As in and other works, the optimal tolls, * a τ , for homogenous users, are set equal to total marginal costs as follows (assuming a single, unitary VOTT):
where * a x is the optimal flow level (such that marginal cost equals marginal benefits) and ' a t is the derivative of travel time with respect to flow on that link.
Of course, equation (13) is not applicable when considering heterogeneous users with different VOTTs. Instead, the optimal toll is the demand (flow)-weighted average, representing the true marginal cost of an additional road user:
Yang and Huang (2004) suggested that when link flow-weighted VOTTs are used in determining an MCP link toll pattern to support a system optimum as a UE flow pattern, the results will differ when the optimum is measured in units of cost versus time. Here the cost (monetary) unit is used. The objective function in equation (11) is measured in time units and needs to be rewritten. After substituting (14) into (9) 
(15) Essentially, the flow solution to optimization problem (15) results in the theoretically optimal tolling situation provided by equation (14)'s tolls. This is the MCP model objective under SUE and with heterogeneous users. However, the demand functions D(q) are not known in practice, complicating the solution for tolls and flows. A trial-and-error procedure for computing these given observed flows and flow responses to toll choices, based on Li (2002) and Yang et al. (2003) , provides the remedy.
TRIAL-AND-ERROR PROCEDURE
One algorithm for solving SUE problems is the method of successive averages (MSA), which creates a weighted combination of the flow values of the current iteration and the previous iteration. The weighting factor, or step size, at each iteration n is n 1 = α (Sheffi, 1985) ; and the MSA solution method has been proven to converge to the unique solution (Sheffi and Powell, 1982) . Rosa and Maher (2002) showed that the MSA applies to equation (11)'s problem and is guaranteed to converge in that application.
In the absence of demand functions rsm D , Li (2002) Of course, network flows increase when demands rise, and these flows can be used as indicators of the unknown demands. Through electronic identification of road users (e.g., via simple transponders), road managers can ascertain who is using a particular link at any time and estimate their VOTTs, based on prior responses to pricing modifications. This is always done with some uncertainty, of course 6 . But, assuming that managers know the VOTT of those on each link at any moment in time, optimal tolls can be calculated using equation (14). Therefore, the iterative calculation can be implemented without knowing the demand function.
To solve the optimization problem (15), one needs to know the demand function and its inverse. Here, a similar approach as Li's (2002) and trial-and-error procedure is developed to find the optimal link flows and tolls defined by equation (14). One must solve for the SUE assignment with multiple user groups after imposing a trial set of link tolls.
Step 0. Step 3 (Convergence check). If
(where φ is a pre-defined small value), then stop. Otherwise, proceed to the next step.
Step 4 (Link flow updates) Update link flows as follows: , ), (
n a n a n n a n a ∈ − + = + α (16) and set n=n+1. Go to Step 1. proved that this trial-and-error procedure does converge and converges to the optimal solution, if the demand functions is a monotonically decreasing function of travel cost and are differentiable. A proof that the MCP model with SUE and heterogeneous users converges will be similar. While a fully, formal proof is not presented here, a brief discussion of three of propositions is helpful to understanding the similarity and sequence. First, it is easy to see that at the convergent solution to the MCP model with SUE and heterogeneous users, the corresponding flow and toll patterns are the optimal solution to the optimization problem (15). A multi-class SUE with elastic demand (15) and without constraints is a strictly convex problem, so its minimum is unique (Rosa and Maher, 2002) . Second, by assuming that (1) demand functions are nonnegative and strictly decreasing in own-path costs and (2) link cost functions are positive and monotonically increasing with link flows, one can prove that a trial-and-error's updating procedure generates a feasible descent direction for the objective function. Finally, given these two prior prepositions and the fact that (1) the flow pattern is bounded and (2) the initial demand and flow pattern are feasible and not at the boundary, the MSA method does converge for link flows (Sheffi and Powell, 1982) . Therefore, the trial-and-error iterations will converge to the optimal flow and tolling solution.
A practical explanation for the success of this rather simple trial-and-error procedure seeking optimal tolls can be summarized as follows. Assuming that there is a transportation facility operator who seeks to charge marginal-cost tolls on all road sections (i.e., links) in the network, he/she will first obtain (via observation and/or estimation) flow volumes and link users' information, including VOTTs. Then he/she charges equation (14)'s tolls, which result in higher tolls for higher flows. Since different users have different VOTTs, the overall marginal cost of additional users is a function of all current users' VOTTs, and their representation on the link. Therefore, the MCP toll is a flow-weighted average of VOTTs. After the tolls are applied, some users will shift route choices and forego trips. Overall, flows are likely to fall. The operator observes the new flow levels and users and computes a new set of "optimal" tolls, using equation (14). After a number of iterations applying and observing the results of these tolls, the operator finds that flows have stabilized, and optimal tolls are in effect. This procedure is based on several assumptions, of course. It will be hard to know the link users' different VOTTs with significant certainty, especially in the short run. Moreover, users cannot make optimal decisions without sufficient forewarning of link tolls, and travel demand is constantly shifting and always somewhat unknown, even for the same time of day on the same day of the week one week apart. Thus, this practical approach to optimal tolling may never achieve a true optimum. However, this is the situation operators are likely to be in, and recognition of heterogenous users and SUE route choice behavior certainly adds realism to pricing proposal.
NUMERICAL EXAMPLE
To illustrate the results of this MCP method, the approach is applied to Austin, Texas's road network (see Figure 1 ) with 14,491 nodes, 31,340 links, 1,074 traffic analysis zones, and two user classes. All links are subject to MCP tolls. The link performance function is based on the standard Bureau of Public Roads formula (BPR, 1964) :
where 0 a t is the free-flow travel time on link a and a G is the "capacity" (which may be a levelof-service flow rate, rather than a true capacity).
Then the link tolls are calculated by: 
The initial O-D demand matrices, for network assignment, are borrowed from the region's planning model for morning peak hour passenger trips. 70% of the demand elements are assigned to the first user class and 30% to the second user class. The VOTT of the two user classes (m = 1, 2) is assumed to be $0.15 and $0.25 per minute (or $9 and $12 per hour), respectively.
In order to predict the resulting link flows, solved an elastic demand assignment example (as in equation (15) Yang et al (1994) pointed out that O-D matrix estimation from a UE (or SUE) solution is not unique. However, as long as the estimated O-D flows yield the current link flows (which are critical to toll calculations), the uniqueness of the O-D matrix is not a concern in this paper.
TransCAD (Caliper Co., 1996) was used here for the multi-class SUE trip assignment with different VOTTs. In the multi-class SUE assignment, a logit model of route choice is used (see Dial, 1971) . Average perceived link costs are assumed to equal travel times multiplied by VOTTs, for each of the two user groups; and their iid Gumbel error terms are assumed to have a location parameter of 0 and scale parameter of 1. By simulation, the link choice probabilities were calculated, then the flow assigned to the network, one user class at a time. Once the flow solution was obtained, the tolls were calculated and the O-D matrix for each use class was recomputed and re-assigned to the network, with new/updated tolls on all links.
The convergence threshold was set at 01 . 0 = φ , and two different initial-demand assumptions were tested, one with an actual demand matrix and another with half of the actual demand matrix. Both cases converge using the MSA algorithm after about 50 iterations. The resulting tolls on the four selected links are shown in Table 1 , and they are virtually identical (differing due to rounding errors). This suggests that the calculated MCP tolls are independent of the initial demand values.
Using the original actual demand matrix, two step sizes (α ) were tested. The choice of 
CONCLUSIONS
This paper expands upon model and algorithms to calculate optimal tolls with SUE and heterogeneous users without knowing network demand functions, but knowing VOTTs of all users. Essentially, the same trial-and-error procedure was shown to be applicable in implementing this more realistic MCP model, and a numerical example with an actual, large-scale network suggests that the trial-and-error procedure does converge when using the MSA algorithm but does not when using the bisection algorithm. This is consistent with results for a case of UE and homogeneous users.
This paper also discusses a proof of convergence of the heuristic, trial-and-error procedure, for an SUE application with heterogeneous users. Making standard assumptions of nonnegative, monotonic cost and demand functions, and uniqueness in SUE solution with elastic demand, the proof should be very similar to . To extend both these works, it would be useful to have link costs interact with other links' flows (recognizing flow interactions at intersections, for example) and to be able to impose tolls only on selected links. In addition, the assumption of known VOTTs may not be realistic. While information linked to transponders or vehicle identification tags will make such estimates possible (based on vehicle type, route selection, time of day, and past travel choices, for example), it would be interesting to estimate such VOTTs within the context of the toll-setting algorithm, based on route choice decisions, in the presence of tolls and in real time, and it would be helpful to evaluate the suitability of solution search algorithms other than the MSA.
The MCP model with SUE and heterogeneous users provides a relatively realistic framework for studying optimal tolls, even when O-D demand functions are unknown. The trialand-error method proposed here is straightforward and likely to be of immediate use in places like Singapore and elsewhere, if the objective of roadway operators is true marginal cost pricing. This work also demonstrates the applicability of a commercially available transportation software (TransCAD) for implementing the model algorithms to a large-scale network. The results point to an attractive future for practical applications of MCP. 1  5  9  13  17  21  25  29  33  37  41  45  49  53  57  61  65  69  73  77  81  85  89 93 97
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